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ABSTRACT

In this paper, we have studied Bicomplex matrix with the help of two different idempotent techniques. We
have defined three types of conjugation of Bicomplex Matrix also three types of Hermitian and Skew-

Hermitian Matrix and obtained some results.
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INTRODUCTION

Throughout this paper, the set of Bicomplex
numbers is denoted by Czand the sets of complex and

real numbers are denoted by ¢, and C,, respectively.

For details of the theory of bicomplex numbers, we
refer to [L1], [P1] and [S1].

The set of Bicomplex Numbers defined as:

Cy =4 +i%y +iy%, +idox, 12,5, 0,3, € Co iy #1y and i =0 =1, iiy = 1,0}
We shall use the notations C(i,) and C(i,) for the
following sets:

C(i)={u+ivu,veC,} C(i,) ={a+i,p:a,fcC}
The set of Hyperbolic Numbers H, defined as
H={x+yii,:x,yeC,}

1.1 Idempotent Elements:

Besides 0 and 1, there are exactly two non —

trivial idempotent elements in C,, denoted as €; and

€, and defined as ¢ - L+1iy and e, = il
2 2

Note that ¢, +e, =1 and ee, =e,e, =0.

1.2 Cartesian idempotent set:
Cartesian idempotent set X determined by X,and X,

is denoted as X, x, X, and is defined as
X=X, %, X,={8eC, ="t e + % e[ '8. 7% Je X, xX, |
C, =Cy) %, C(y) =Cy)e; +Cy ey

={€Cy 5= "ge + 786, ('6,78) €Ci) x CGi;)}

*Author for correspondence

C,=C(i,)x, Cliy) =Cli)e, +C(iy)e,

={€eCy:8=§ 6 +§,0).(.5) € C1y) xCip)}
1.3 Idempotent Representation of Bicomplex
Numbers
(I C(ipidempotent representation of Bicomplex
Number

A Bicomplex Number &=x,+1,X, +1,X;+11,X, has
only two representations in the form of ¢(i,)

First representation

E=X, +iX, +1yX; +HijigX, = (%) +i%)) +iy(X; +ix,) =7, +1yz,, Where
z1,z, €C(i})

Second representation

E=X) 1%y +yXg 11Xy = () +1%)) iy (%, —1X5) =y +ijipyys

where vy, e C(,))

Bothe the idempotent representation of ()
representation are same.
Throughout this paper C(i,) -idempotent

representation of Bicomplex Number is given by

. . . 1 2
E=2,+1,2) =(2; —11Zy)e, +(2; +1j2,)e;, = &, + Ee,

(IT) C(i,) — idempotent representation of Bicomplex Number
A Bicomplex Number &=X, +1)X, +1,X; +11,X, has

only two representations in the form of C(i,)

First representation

E=x, +1,X, +1,X; +11,X, = (X, +1,X3) +1;(X, +1,X,) =W, +1,W,

» where w,,w, e C(i,)

Second representation

E=X) 1%y +ipX5 +ijipXy = (X +1yX35) +111y (X4 —1%)) = 3, +1115%,

. where y, .y, eC(i,)
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Bothe the idempotent representation of ((i,)

representation are same.
Throughout this paper

representation of Bicomplex Number is given by
& =(x +ix;) +iy (X, +iyx,)

C(i,) -idempotent

=w +iw, =(W —im)e +(W +iwy)e, =6 ¢ +6, 6
1.4 Conjugations of Bicomplex Numbers
e iy — Conjugation

& =7, +2,1,,V2,,2, €C(i)), Z, and Z, are
complex conjugate of z; and z,.
e i, — Conjugation
¢'=2,-2,i, V2,2, €C(i,).
e iyi, — Conjugation
€ =771, V2,2, €C(i))
2. Bicomplex Matrix (cf. [A1] & [L1])
We denote C;™" = {A = [§; ], : & €C, j the set of m
xn matrices with bicomplex entries.
Let A=[§jlnm €C™ =& €C,

A Bicomplex matrix A of order M Xn can be
represented in following ways

A= [‘fij]mxn = ['xij + ilyij + i2uij + iliZVij]mxn

= [‘xij v Tl [yij Joven T [uij J [Vij Lo

= [Zij Jonsn 12 [Wij Jmxn

= [Pij lmxn +11[dij Inxn

= [ Jinxn 11 [SiJnxn

= [0 Jmxn +12[B5 Jnsn

= [ Jmxn + 112 [i Jinsn

= [0 Imxn + 112 [WjJmxn

C(i,) - Idempotent representation

A=[Ejlnm =1 IE:ij T+ 2E.’ij]mxnez ='Ae, +7Ae,
C(i,)- Idempotent representation

A=[E;]nxn =181 Imxn® T lmxn =A € +As e,

2.1 Conjugation of Bicomplex matrix:
There are three types of conjugation for each

Bicomplex matrix A =[& eCy"

i lmxn
e iy — Conjugation
A" = [€] hn =25 +15 Wi len
e i, — Conjugation
A" = [&ﬁ]mxn = [Zij _iZWij]mxn
e iyi, — Conjugation
A= (8 Tnen =2 = 1y Wil

2.2 Transpose of Bicomplex Matrix:

Let A:[gij]mxnbe a Bicomplex Matrix of order

mxn
Then transpose of A is denoted by A' and given by
Al = [&jiloxm be a Bicomplex Matrix of order nXm

e Properties of Transpose Matrix
(i) (AY)'=A
(i) (A+B)'=A'+B'
(iii) (AB)' =B'A'
(iv) (cA) =cA'
(v) det(A")=det(A)
o) (A =(AT)
2.3 Symmetric Matrix:

A Bicomplex matrix A =[§ e Cy"is said to

ﬁ]nxn
be symmetric matrix if A" =A.
2.4 Skew-Symmetric Matrix:

A Bicomplex matrix A =[¢ e Cy™is said to be

ﬁ]nxn
Skew-Symmetric matrix if A' =—A.
2.5 Transpose of Conjugate Matrix
e Transpose of i; — Conjugate Matrix
(iy — Tranjugate Matrix)
(A") =AY =[& 1y
e Transpose of i, — Conjugate Matrix
(i — Tranjugate Matrix)
t)#_ #\t _re#
(') =A%) =[]
e Transpose of
i1i, — Conjugate Matrix (iq i, —
Tranjugate Matrix)
(A =AY = (&1
2.6 Bicomplex Hermitian Matrix:
e iy — Hermitian Matrix
eCl s
said to be i; — Hermitian Matrix if
() = ay=a
Note 2.1: If A is i; — Hermitian Matrix then
A=A
e i, — Hermitian Matrix

A Bicomplex matrix A =[§

U]nxn

A Bicomplex matrix A= [& eCy® is said

ij Jnxn
to be i, — Hermitian Matrix if
(A')'=a" =A
Note 2.2: If A is i, — Hermitian Matrix then
Af=A
e i i, — Hermitian Matrix
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A Bicomplex matrix Az[gij]mnec‘z‘“‘is said to be

i; iy — Hermitian Matrix if(A‘) =(A)'=A
Note 2.3: If A is i; i, — Hermitian Matrix then
A=A

2.7 Bicomplex Skew- Hermitian Matrix
e iy —Skew — Hermitian Matrix
A Bicomplex matrix A= [E:

u]nxn € ngn is
said to be i; — Skew — Hermitian Matrix

if (A =AY =-A

Note 2.4: If A is iy — Skew — Hermitian Matrix
then A" =—A'
e i, —Skew — Hermitian Matrix
A Bicomplex matrix A= [@U] ngX“ is
said to be i, — Skew — Hermitian Matrix
if
(At)#: (A*)' =-A
Note 2.5: If A is i, — Skew — Hermitian Matrix
then A* =—A'
o g, —
A Bicomplex matrix A = [€i1uxn € Cy"is

nxn

Skew — Hermitian Matrix

said to be iy iy — Skew —
Hermitian Matrix if (A‘) =(A)'=-A
Note 2.6: If A is i i, — Skew — Hermitian Matrix

then A =—A"
Properties 2.1 to 2.6 have given in [A1]. We have also
proved these properties and get in different notations.
Properties of i; — Hermitian Matrix 2.1:

(i) The matrix A is iy — Hermitian Matrix iff

1 A=( 2 At)*
(ii) The matrix A is i; — Hermitian Matrix iff
A1 = (Az )t
(iii) All the iy — Hermitian Matrix are of the form
A="Ag +(1At) e, =A e +(A)' e,
Proof:
(i) Let Ais i; — Hermitian Matrix

=

e (o
('A‘) e, +(? )el 'Ae, +’Ae,
NN IS

A=(2at)

(zz) Let Ais i; — Hermitian Matrix

ie. (At)* =A
(A e +(A) ¢ =A ¢ +A ¢,
=(A,)" and A, =(A)'
A =(Ay)
(iii) By using (i) and (ii)
A="Ac,+('AT &, =A e, +(A) e,
Similarly, Properties 2.2 to 2.6 can be proved.

Properties of iy — Skew — Hermitian Matrix
2.2:

(i) The matrix A is iy — Skew —
Hermitian Matrix iff 'A=—(A')’
(i) The matrix A is iy — Skew —

Hermitian Matrix iff A, =—(A,)"
(iii) All the i; — Skew — Hermitian Matrix are of
the form

A="Ae,—('A) e, =A e, —(A)' e,

Properties of i, — Hermitian Matrix 2.3:

(i) The matrix A isi, — Hermitian Matrix iff
lA: 2At

(ii) The matrix A isi, — Hermitian Matrix iff

= (A
(iii) All the i, — Hermitian Matrix are of the
form
1
A="Ae, +'Ale, =A e, +(A)) e,

Properties of i, — Skew — Hermitian Matrix
2.4:

(i) The matrix A is iy — Skew —
Hermitian Matrix iff1 o= _2A¢
(ii) The matrix A isi, — Skew —

Hermitian Matrix iff A, = —(A})"
(iii) All the i, — Skew — Hermitian Matrix are of
the form
A="Ae —'Ale,=A e, —(AD) e,
Properties of i i, —
(i) The matrix A isi; i —

Hermitian Matrix 2.5:

Hermitian Matrix iff
"A=("A" and *A=(?A")

(ii) The matrix A is iy i, — Hermitian Matrix iff

A, =(A}) and A, =(Al)
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(iti) All the iy i, — Hermitian Matrix are of the
form
A=(A"Y e, +(CA"Y e, =(A) ¢ +(A) e,
Properties of i, i, — Skew —
Hermitian Matrix 2.6:

(i) The matrix A is iy i, — Skew —
Hermitian Matrix iff 'A=—('A%yand
25 =_(2At)'

(ii) The matrix A is iy i, — Skew —

Hermitian Matrix iff A, = —(AI)' and
Ay = ‘(Atz)l
(iti) All the iy i, — Skew — Hermitian Matrix are
of the form
A=—('AYe,-CAY e, =—(A) ¢, —(A}) e,
Note 2.7:
nxn .
Let A= [Z:n] ]nxn € CZ and é;ij =7Zj + 1ZVVij
(i) IfAis iy — Hermitian Matrix, then
&i =z;; +1,w;; €C(i,)

(i) IfAis iy — Skew — Hermitian Matrix, then
&; €1,C(15)
If A4 s
&i =z; €C(1))

(iv) If A is i, — Skew — HermitianMatrix, then
i =1,w; €1,C(1)

v) If A is
& eH

(i) If A isiy i, — Skew — Hermitian Matrix, then

i — Hermitian Matrix, then

(iii)

iy i, — Hermitian Matrix, then

Theorem 2.1: If A is i; — Hermitian Matrix then
(i) 1,A is iy — Skew — Hermitian Matrix
(ii) 1,A is i; — Hermitian Matrix
(iiij) 1,1,A is i; — Skew — Hermitian Matrix

Theorem 2.2: If A is i, — Skew — Hermitian Matrix,
then

(i) 1,A isi; — Hermitian Martrix

(ii) 1,A isi; — Skew — Hermitian Marrix

(iij) 1,1,A is i; — Hermitian Matrix
Theorem 2.3: If A is i, — Hermitian Matrix, then

(i) 1,A isi, — Hermitian Matrix

(ii) 1,A is i, — Skew — Hermitian Matrix

(iii) 1,i,A isi, — Skew — Hermitian Matrix
Theorem 2.4: If A is i, — Skew — Hermitian Matrix,
then

(i) 1,A isi, — Skew — Hermitian Matrix

(ii) 1,A is i, — Hermitian Matrix

(iii) 1j1,A isi, — Hermitian Matrix
Theorem 2.5: If A is i; i, — Hermitian Matrix, then

(i) 1,A isi; i — Skew — Hermitian Matrix

(i) 1,A is i i — Skew — Hermitian Matrix

(iii) 1,1,A isi; i, — Hermitian Matrix
26: If A s
Hermitian Matrix then

Theorem iy i, — Skew —
(i) 1,A isi; i, — Hermitian Matrix
(i) 1,A isiy i, — Hermitian Matrix
(iii) 1,1,A is iy i, — Skew — Hermitian Matrix
Theorem 2.7:
(i) TIfAisi; — Hermetian Matrix, then A" is

also iy — Hermetian Matrix.
(ii) If A isi; — Skew — HermetianMatrix, then

(A" =(-D"A"
Corollary 2.1:

(i) IfAisi; — Hermetian Matrix, then (i,A)"
is i; — Hermetian Matrix if n is even and
iy — Skew — Hermetian Matrix if n is odd.

(ii) IfAisi; — Skew — Hermetian Matrix, then
(i,A)" is iy — Hermetian Matrix.

Corollary 2.2:

(i) IfAisi; — Hermetian Matrix, then (i,A)"is
also i; — Hermetian Matrix.

(ii) If Aisi;, — Skew — Hermetian Matrix, then
(i,A)"is iy — Hermetian Matrix if n is

even and i; — Skew — Hermetian Matrix if n

is odd.
Corollary 2.3:
(i) IfAisi; — Hermetian Matrix, then (i;i,A)"
is iy — Hermetian Matrix if n is even and
iy — Skew — Hermetian Matrix if n is
odd.
(i) IfAisi; — Skew — Hermetian Matrix, then

(i;i,A)"is iy — Hermetian Matrix.

Theorem 2.8:
(i) IfAisi, — Hermetian Matrix, then A" is
also i, — Hermetian Matrix.
(ii) If A isiy — Skew — HermetianMatrix, then

(An)#t — (—l)nA
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Corollary 2.4:
i If Ais i — Hermetian Matrix, then (i,A)" is

also i, — Hermetian Matrix.

ii. If Aisi, — Skew — Hermetian Matrix, then
(i,A)"is i, — Hermetian Matrix if n iseven
and i, — Skew — Hermetian Matrix if n is

odd.
Corollary 2.5:
i If Ais i, — Hermetian Matrix, then (i,A)"is

i, — Hermetian Matrix if n is even and
i, — Skew — Hermetian Matrix if n is odd.

ii. If Aisi, — Skew — Hermetian Matrix, then
(i,A)"is i, — Hermetian Matrix.

Corollary 2.6:

i. If Aisi, — Hermetian Matrix, then (i,i,A)"
is i — Hermetian Matrix if n is even
and i, — Skew — Hermetian Matrix if n is

odd.
ii. If Aisi, — Skew — Hermetian Matrix, then

(i,i,A)"is i, — Hermetian Matrix.

Theorem 2.9:

i If Ais iy iy — Hermetian Matrix, then A" is
also i, i — Hermetian Matrix.

ii. IfAis iy i — Skew — Hermetian Matrix, then
(AM'=(-D"A-

Corollary 2.7:

A If Ais iy iy — Hermetian Matrix, then G,A)"
is iy iy — Hermetian Matrix if n is even and
iy iy — Skew — Hermetian Matrix if n is
odd.

ii. If Aisiji, — Skew — Hermetian Matrix,
then (i,A)"is i; i, — Hermetian Matrix.

Corollary 2.8:

i. If Ais iy iy — Hermetian Matrix, then

(i,A)"is i; i, — Hermetian Matrix if n is

even and i i — Skew — Hermetian Matrix

if n is odd.

ii. If Aisiji, — Skew — Hermetian Matrix,

then (i,A)"is i; i, — Hermetian Matrix.

Corollary 2.9:

i If Ais iy iy — Hermetian Matrix, then
(i,i,A)"is also iy i — Hermetian Matrix.

ii. If Aisiji, — Skew — Hermetian Matrix,
then (i,i,A)"is i; i, — Hermetian Matrix if
n is and

Hermetian Matrix if n is odd.

even iy i, — Skew —

Properties 2.7:

() A Bicomplex matrix C=[§ﬂ]nxnechncan
uniquely be written as the sum of a 1i;-
Hermetian Matrix A and a i;-Skew-Hermetian

Matrix B.
nxn

A Bicomplex matrix C=[§],,, €C;" can

(ii)
uniquely be written as the sum of a i,-
Hermetian Matrix A and a i,-Skew-Hermetian

Matrix B.
(iii) A Bicomplex matrix C:[gij]nxnec‘zlxn can
uniquely be written as the sum of a i;i, —
Hermetian Matrix A and a 1i;i, -Skew-
Hermetian Matrix B.
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